In this paper we study the Brinkman model as a unified framework to allow the transition between the Darcy and the Stokes problems. We propose an unconditionally stable low-order finite element approach, which is robust with respect to the whole range of physical parameters, and is based on the combination of stabilized equal-order finite elements with a non-symmetric penaltyfree Nitsche method for the weak imposition of essential boundary conditions. In particular, we study the properties of the penalty-free Nitsche formulation for the Brinkman setting, extending a recently reported analysis for the case of incompressible elasticity (T. Boiveau & E. Burman. IMA J. Numer. Anal. 36 (2016), no.2, 770-795). Focusing on the two-dimensional case, we obtain optimal a priori error estimates in a mesh-dependent norm, which, converging to natural norms in the cases of Stokes or Darcy flows, allows to extend the results also to these limits. Moreover, we show that, in order to obtain robust estimates also in the Darcy limit, the formulation shall be equipped with a Grad-Div stabilization and an additional stabilization to control the discontinuities of the normal velocity along the boundary. The conclusions of the analysis are supported by numerical simulations.
Introduction
The Brinkman problem [10] , originally proposed as an alternative model approach for the flow in porous media, is obtained as a modification of the Darcy model by equipping Darcy's law with a resistance term proportional to the fluid viscous stresses, targeting on a better handling of high permeability regions.
In order to introduce the model problem of interest, let us consider a connected domain Ω ⊂ R n , n = 2, 3, with boundary Γ := ∂Ω, and let us denote by n the outer unit normal vector on Γ. Our model problem is described by the following system of partial differential equations −∇ · ( µ eff ∇u) + σu + ∇p = f , in Ω,
where u : Ω → R n represents the fluid velocity field, p : Ω → R is the fluid pressure and f : Ω → R n , g : Ω → R are given data. In (1), the parameter µ eff is called effective viscosity, while σ is given by the ratio between the fluid viscosity and the permeability of the porous medium.
(essential boundary condition on the velocity u), whereas for µ eff = 0, it has to be replaced by the condition u · n = 0, on Γ, (3) which is appropriate for the Darcy problem. Likewise, when focusing on the weak counterpart of (1), one has to consider different natural functional settings for the Stokes/Brinkman (µ eff > 0) and Darcy (µ eff = 0) problems.
These aspects affect also the discrete formulation of (1) and the strategies for its numerical solution. In the context of finite element methods, the different regularity properties of the limit problems (Stokes and Darcy) are reflected in the choice of the finite element spaces used for the velocity and the pressure: stable and efficient elements for the Stokes problem might not provide accurate or stable approximations in the Darcy case, and vice versa (see, e.g., [8, 12, 27] ). Moreover, the discrepancy between the boundary conditions in the limit cases at the continuous level implies that imposing essential boundary conditions on the velocity space does not allow a smooth, parameter-dependent transition between (2) and (3), in particular at the discrete level.
Our work is motivated by the solution of direct and inverse problems in clinical applications involving flows in porous media. Hence, the numerical method shall be robust with respect to different flow regimes, in order to handle unknown physical parameters, and, at the same time, require relatively low computational cost, allowing for the numerical solution in a reasonable time.
One strategy to achieve a common discretization for both, the Stokes and the Darcy problems, which will be adopted in this paper, consists in using finite element pairs suited for both cases, possibly including stabilization terms. Among the different possibilities, we focus on equal-order (linear) finite elements, combined with a Galerkin Least Squares (GLS) and a Grad-Div stabilization, that guarantee stability for the pressure and control on the divergence of the velocity. This setting, with a particular focus on the Brinkman, Stokes and Darcy problems, has been deeply analyzed, e.g., in [3] , considering different choices for the scaling of the stabilization terms. Other options, which have been proposed in the literature, are based on P 1 /P 0 (stabilized) finite elements (analyzed in [12] for the Stokes-Darcy coupling and discussed in [22] for the Brinkman problem), Taylor-Hood, MINI, and P k /P k (stabilized) elements [26, 21] , as well as P k /P disc k−1 [15] . In order to tackle the issue of the need of different boundary conditions depending on the (Stokes or Darcy) regime, we focus on the weak imposition of essential boundary conditions via a Nitsche method. This approach, originally introduced in [29] , has been extended, applied, and analyzed in several contexts, including coupled Stokes-Darcy problems (see, e.g., [12, 15] among others), and the general Brinkman problem (see, e.g., [26, 21, 22] ), demonstrating that it is able to yield a robust transition between the two different flow regimes. In its pioneer version [29] , the Nitsche approach was formulated as a consistent symmetric penalty method, for which stability was guaranteed choosing the penalty parameter sufficiently large. This assumption was relaxed considering a non-symmetric version proposed in [19] , for which stability was proven for any strictly positive value of the penalty parameter.
extended to compressible and incompressible elasticity [5] and to domain decomposition problems with discontinuous material parameters [4] .
The unconditional applicability in presence of variable physical parameters is our main motivation for addressing and investigating the properties of the penalty-free Nitsche method for the Brinkman problem. In this case, the main challenges are related to the fact that stability has to be shown for the pressure (in the case of equal-order finite elements) and the velocity at the boundary. For the latter, it is important to observe that due to the differences in the limit problems (e.g., in the boundary conditions (2) and (3)), the natural norms to be controlled depend on the physical range.
Our main result concerns the stability, the robustness, and the optimal convergence in a natural norm of the formulation obtained by combining a penalty-free Nitsche method and a stabilized equal-order finite element method. We show that the proposed finite element method is inf-sup stable in the whole range of physical parameters, including the limit values µ eff = 0 or σ = 0. Moreover, our analysis shows that the inf-sup constant does neither depend on µ eff nor on σ, but only on the regularity properties of the mesh and on the stabilization parameters. These results thus extend available estimates recently provided in [21, 26] using a similar discrete setting (stabilized finite elements), where the symmetric Nitsche method was analyzed focusing on an adimensional version of (1) which does not allow to control the divergence of the velocity and excludes the case σ = 0.
To establish the stability of the Nitsche method, we follow a path inspired by the analysis in [5] for the incompressible elasticity, but proposing a simpler argument. As next, we discuss the stability estimate in the Darcy limit µ eff = 0 (or in the more general case µ eff σ → 0), in which only the control on the boundary normal velocity is required. We show that, focusing on the case of two-dimensional polygonal boundaries, an additional stabilization to control the discontinuities of the normal velocity along the boundary is required. To tackle this issue, we introduce a corner stabilization, which penalizes the jump of the normal velocity solely on the corners of the discrete domain and allows to obtain the aforementioned robust stability estimates and optimal a priori error estimates in a mesh-dependent norm.
The paper is organized as follows. In Section 2 we introduce the problem setting, the finite element formulation, and enunciate the main stability and convergence results. Section 3 is dedicated to the technical proofs, while numerical experiments are presented in Section 4. Section 5 draws the conclusive remarks.
We will denote by curved brackets (·, ·) A the L 2 -scalar product on A ⊆ Ω, while ·, · E , will be used for integrals evaluated on the boundary, i.e., for any E ⊆ Γ. For the ease of notation, the subscripts Ω and Γ will be omitted, simply denoting with (·, ·) and ·, · the scalar products in L 2 (Ω) and L 2 (Γ), respectively. Furthermore, a bold faced letter will indicate the n-th Cartesian power, e.g., With the above notations, we now introduce the bilinear forms
In the case µ eff > 0, the weak formulation of problem (1), (2) reads as:
Detailed proofs of the well-posedness of problem (5) for f ∈ L 2 (Ω) and g ∈ L 2 0 (Ω) and the corresponding basic theory can be found in, e.g., [2, 7, 8, 20] .
Depending on the given boundary conditions and the regularity of the given data, in the case µ eff = 0 (Darcy limit), the weak solution to the mixed form of problem (1) can be sought either in
The discrete formulation
Let us assume that the polygonal computational domain Ω admits a boundary conforming (fitted) family of triangulations {T h } h>0 , i.e., that the discrete domain and the original domain coincide for all h. The parameter h denotes a characteristic length of the finite element mesh T h , defined as h := max T ∈T h h T , h T being the diameter of the cell T ∈ T h . Furthermore, we will denote by G h the set of edges belonging to the boundary Γ and with h E the length of E ∈ G h . Since we assume that Ω is polygonal, it can be decomposed as the union of N P straight boundary segments and we denote by C the set of corner nodes of T h .
We will assume that all considered triangulations are nondegenerate, i.e., there exists a constants
, for any pair of adjacent edges E, E ∈ G h . For the validity of the arguments discussed in this paper, we assume that the mesh satisfies also the condition
Moreover, we require that the triangulation is such that the inner triangles cover an area larger than the boundary ones. Formally, let B h := T : T ∩Γ =∅ T be the union of all triangles which have at least a node on the boundary. We assume that |B h | ω|Ω| (8) with ω < 1 and independent from h.
In order to define the discrete problem, let us introduce the quantity Ω > 0, representing a typical physical length scale of the problem, and the parameter
(which has the units of a viscosity). The length Ω has been introduced mainly for the purpose of consistency of physical units (see, e.g., the discussion in [3] ) and it is assumed to satisfy Ω h T , for all T ∈ {T h } h>0 .
Let us now introduce the finite element pair
and consider the problem:
with
is defined in (4) and we introduce a stabilization belonging to the non-symmetric GLS method
as well as a Grad-Div stabilization
One of the main implications of the above Theorems is therefore the fact that the penalty-free Nitsche formulation possesses a convergence and stability behavior that is comparable to the standard formulation (where essential boundary conditions are imposed in a strong sense) and to the classical (penalty) Nitsche method (see, e.g., [22, 26] ).
For the sake of completeness, it is worth observing that, in order to obtain the robust convergence estimate (16) , the scaling of the stabilization terms with the viscosity ν defined in (9) is a necessary requirement.
Alternative formulations were analyzed, e.g., in [3] , for the Brinkman problem with strong imposition of boundary conditions. There, it was shown that stability and optimal error estimates can also be obtained by scaling the stabilization of the Darcy terms with respect to the mesh, replacing ν by ν T := µ eff + σh 2 T on each triangle T ∈ T h . An analogous scaling as well has been analyzed in [28] (stabilized finite elements for the Darcy equation) and in [26] in the context of a rescaled Brinkman problem with a symmetric Nitsche penalty method (limited to the case σ > 0). However, as it will be shown in the next section, the scaling (9) is used in order to uniformly control the boundary velocity for µ eff , σ 0.
Proof
In this section, the proofs of the aforementioned Theorems, claiming inf-sup stability and convergence of the proposed method, will be discussed in detail.
Preliminaries
Let us begin by introducing some basic notation and stating a few results that will be utilized in the upcoming analysis.
Let E be an edge of the mesh, and let us denote by T E a triangle attached to E. Then, the following discrete trace in ity is valid (see, e.g., [6, (10. 
where c DT > 0 is a constant, only depending on the shape regularity (6) of the mesh.
Under the assumption of shape regularity (and assuming h 1), there exists a constant c I > 0, independent of h and T , such that for all v h ∈ P k (T ), k 0, and for all T ∈ T h it holds the following inverse inequality [17, Lemma
Combining (17) and (18) 
Let us denote with I SZ h the Scott-Zhang interpolator onto the finite element space V h [17, 30] , which preserves essential boundary conditions on Γ. Then, for l, m ∈ N 0 with 1 l < ∞, there exists a constant c SZ > 0, depending on the geometry and on the mesh regularity, such that the following approximation properties hold:
where S(T ) denotes the union of all cells in T h which have a vertex in common with T .
Finally, let I 
Stability
As next, we will focus on the inf-sup stability of the discrete bilinear form (11a) with respect to the mesh-dependent norm (15) . Throughout the proofs, the introduced constants depending on the physical parameters or on discretization parameters (mesh size, mesh topology, finite element spaces, stabilization parameters) will be explicated and discussed, in order to allow the reader to follow the derivation in detail and, eventually, to clearly assess the role of the physical parameters within the derived estimates (especially in the limit cases).
The first result concerns the coercivity of the bilinear form (11a) in a norm which is weaker than (15) . 
1 we get with < 1 the bound
The terms T 1 and T 2 introduced above can be estimated using the Cauchy-Schwarz inequality and the inequalities (26), yielding
and
For the boundary term we apply the Cauchy-Schwarz inequality, the inequality (19b), and the estimate (26) to derive
c Ω c
Inserting (29), (30), and (31) into (28), using the estimates (26) and (25b), and rearranging the terms one obtains
eff ∇u h 0
.
We now define
and using the Young inequality we obtain the estimate
Remark 3.2 (On the behavior of C 1 ). The constant C 1 in (24) depends only on the stabilization parameters α and δ, on the domain Ω, and on the discretization (through the constants n, c Ω ,ĉ Ω , c SZ , and c DTI ). In particular C 1 ∼ The next step concerns the stability of the proposed formulation with respect to the boundary velocity.
To this aim, we will show that the skew-symmetric Nitsche terms in (11a) yield a stable formulation by defining two particular test functions that provide control of the boundary norms of the velocity.
The construction of the first test function and its main properties are stated in the following Lemma.
Then the function w u h h satisfies the following properties:
1 There exist two positive constants c 0 and c 1 , depending only on the regularity of the mesh, such
2 There exists a constant c 2 > 0, depending only on the regularity of the mesh, such that
3 There exists a constant c 3 > 0, depending on the mesh regularity, such that
4 There exists a constant c 3 > 0, depending on the mesh regularity, such that
Proof: Let us consider u h ∈ V h and let w u h h ∈ V h be defined as in (32) . In the following proof, for an edge E ∈ G h with vertices x 1 and x 2 we will denote the (unique) attached triangle by T E = conv {x 0 , x 1 , x 2 }. 
where x ⊥ is the perpendicular foot of the vertex x 0 and h E,⊥ is the height of the triangle T E with respect to the edge E. Depending on the shape of T E , x ⊥ might fall inside or outside the edge E. Formally, there exists an a ∈ R, such that
where M > 0 depends only on the mesh regularity constant. Hence, by adding and subtracting u h we can reformulate Exploiting (37), the linearity of w E , and the fact that w E coincindes with u h on E, we get, for all x ∈ E,
where | · | stands for the Euclidean norm. Since ∇u h is constant on T E , it holds also
from which we deduce
where the constant c > 0 only depends the regularity of the mesh. The above arguments allow to
with c Γ := 2M c. Thus, applying the Cauchy-Schwarz inequality, the inequality (40), and the Young inequality yields
Combining this inequality with (38) leads to
The proof is concluded taking the sum over all boundary edges and defining
which are only dependent on the shape regularity of the mesh.
(2) First of all, since w u h h and u h coincide on E, it holds w
us consider a triangle T = conv {x 0 , x 1 , x 2 } such that T ∩ Γ = ∅, assuming (without loss of generality) that x 0 ∈ Γ, x 1 ∈ Γ and denoting with N ∈ {1, 2} the number of vertices T has on the boundary. Using the linearity of u h , it holds, for an appropriate c > 0 depending only on mesh regularity,
Hence, denoting by N Γ the total number of boundary nodes, and by c NB the maximum number of triangles adjacent to a boundary node (which can be bounded, e.g., depending on the smallest angle of the triangulation T h ), one can write
where c 2 depends only on the regularity of the mesh.
(3) The inequality (35) can be proven using scaling arguments similar to the previous ones, observing that w u h h and u h coincide on each boundary edge. (4) Also the inequality (36) follows by standard scaling arguments, exploiting that w u h h is a componentwise linear function that vanishes on interior nodes of the mesh.
Remark 3.3 (Extension to higher order finite elements). It is worth noticing that an analogous of this
Lemma can be also proven for higher order finite elements, using the same definition of the function w u h h with different definitions of the constants c 0 , c 1 , c 2 , and c 3 . In particular, some of the equalities (due to the fact that both u h and w u h h are linear), e.g., (39) have to be replaced with inequalities obtained by proper scaling arguments.
Using the above defined function w u h h , the next lemma allows to state stability of the boundary velocity.
Lemma 3.4 (Boundary control -I
there exist a function w h ∈ V h and a constant C 2 = C 2 (α, δ) > 0 which is independent from the physical parameters, from u h , and from h, such that
where c 0 is the constant defined in Lemma 3.3.
Proof:
h is the function defined in Lemma 3.3. Then, we get
Observing that the corner stabilization is always positive and that θ 1, using the Cauchy-Schwarz inequality, the inequalities (33), (34), and (35) leads to
Combining the Cauchy-Schwarz inequality, the trace inequality (19b), and the fact w
In order to bound the term Q 1 , we use the integration by parts formula, the Cauchy-Schwarz inequality, the inequalities (36), (34), and θν = µ eff to obtain
Finally, (34) and (νθ)
eff allow also to conclude
We observe that scaling the test function by θ allows to, on the one hand, assure coercivity in the chosen norm, and, on the other hand, to obtain a parameter independent estimate for the terms involving ν∇ · w h . Notice as well that the scaling by θ implies that the test function vanishes in the Darcy limit (µ eff = 0). Inserting (44), (45), and (46) into (43), and reordering the terms yields
The proof is completed defining
Remark 3.4 (On the behavior of C 2 ). It is worth noticing that the constant C 2 is bounded for any choice of the stabilization parameters. In particular, C 2 grows like c
0 , which is related to the anisotropy of the mesh near the boundary (see (41)). Moreover, as it has been stated in Remark 2.3, the stability estimate does not rely on the particular technique chosen for the stabilization of the equal-order finite element (i.e., α > 0 is not strictly required).
The last step needed to show the fulfillment of the inf-sup condition is related to the control of the normal velocity at the boundary, which is particularly relevant in order to guarantee stability towards the Darcy limit, i.e., for σ Ω 2 µ eff and especially µ eff = 0.
It is worth recalling our assumption (7) on the mesh, stating that for any two adjacent boundary edges
We observe that this assumption is weaker than quasi-uniformity of the mesh, as it only restricts the ratio between the lengths of adjacent boundary edges.
Moreover, let us also recall that the mesh is assumed to satisfy (8), i.e., that the area of inner triangles is larger than the area of the boundary triangles.
Lemma 3.5. Let us assume that the family of triangulations {T h } h satisfies (47) and (8) . For a given u h ∈ V h , let us define q u h h ∈ Q h as the function whose values at the boundary nodes are uniquely defined to satisfy the L 2 -projection property
and its value at the interior nodes is given by a constant c q , chosen in order to satisfy Ω q 1 There exists a constant c 4 > 0, depending only on η 0 , such that
2 There exists a constant c 5 > 0, depending only on η 0 , such that
3 There exists a constant c 6 > 0, depending only on the properties of the mesh, such that
(1) In order to prove (49), let us restrict for simplicity, and without loss of generality, to the case of a boundary with a single connected component. In this case, let us number the boundary nodes as x 1 , . . . , x N and the boundary edges as E 1 , . . . , E N such that the edge E i connects the nodes x i and x i+1 , for all i ∈ {1, . . . , N }. Moreover, we identify x N +1 with x 1 , so that the above defined convention is well-defined also for i = N . To simplify the notations, let us abbreviate h i = h E i and
. We now consider a function ϕ h ∈ Q h defined at each node x of the mesh by
where c ϕ is a constant defined in order to have Ω ϕ = 0. On any boundary edge E i , by the linearity of q u h h and ϕ h , application of the Simpson rule yields
We will first prove that there exists a constantĉ > 0, independent from q u h h and h i , such that
If q i = 0, (53) holds if
ĉ, i.e., withĉ η 0 . Assume now that q i = 0 and set η := . The inequality (53) then reduces to
Since η > 0, η ∈ [1/η 0 , η 0 ], and 1 + t + t 2 > 0, for all t ∈ R, the above condition is equivalent to
Since the polynomial in the denominator is always strictly positive, the whole infimum is positive if the numerator as a polynomial in t is strictly positive for all t ∈ R and for all η ∈ [1/η 0 , η 0 ]. This is the case if and only if its discriminant does not have real roots for the selected range of η. The discriminant of this polynomial is D (η) := (1 + η) 2 − 16η, which vanishes if η = 7 ± 4 √ 3 and is strictly negative
assumption (47)). Estimate (53) is therefore proven by settinĝ c =ĉ(η 0 ) := max
The assumption
h i+1 h i η 0 yields also, on any boundary edge E i
Summing (53) over all boundary edges and using (48), the Cauchy-Schwarz inequality, (54), and the Young inequality yields
, for x ∈ C, with E, E two adjacent boundary edges, c ϕ , otherwise, with a constant c ϕ defined in order to have Ω ϕ h = 0. Remember that C is the set of corner nodes at the boundary.
Using (48), the Cauchy-Schwarz, and the Young inequalities we obtain, for any ε > 0,
The function (u h · n − ϕ h ) | E∈G h is different from zero only on boundary edges that are adjacent to a corner. In particular, let us consider a corner node x c ∈ C with an adjacent edge E = x i x c . It
Thus, inserting (49) and (57) into (56) and choosing ε := 
where c NB is the maximum number of triangles adjacent to a boundary node. Moreover, we have
From Ω q u h h = 0 we obtain
0 is different from 0 only on B h . Hence, using the assumption (8),
Since 0 < ω < 1, the coefficient inside the parentheses is always strictly larger than one (and it approaches one on fine meshes). Inserting (58) into (59) and using (49) we obtain (51) with a constant c 6 depending on c NB , η 0 , and ω. Finally, (52) can be obtained combining the inverse inequality (18) on each triangle and (51):
Finally, we are able to show control of the normal velocity for arbitrary values of physical parameters.
Lemma 3.6 (Boundary control -II)
. Let δ, ρ > 0, α 0, and µ eff , σ 0 with µ eff + σ > 0 and let us assume that the family of triangulations {T h } h satisfies (47) and (8). Then, for any (u h , p h ) ∈ V h × Q h , there exists a function q h ∈ Q h and a constant C 3 = C 3 (α, δ, ρ) > 0 independent from the physical parameters, from u h , and from h, such that
h is the function defined in Lemma 3.5. Using the Cauchy-Schwarz inequality, Young inequality, (50), (51), and (52), we obtain
, and defining
, which depends only on the shape-regularity of the mesh and on the three stabilization parameters.
Remark 3.5. As stated in Section 2.3, the scaling of the stabilization terms by ν is a necessary requirement in order to obtain stability estimates independent from the physical parameters. In the argument used for the last proof, using an element-dependent scaling ν T := µ eff + σh 2 T (a suitable alternative for the case of essential boundary conditions, see, e.g., [3] ) instead of ν for the Grad-Div stabilization does not allow to uniformly bound the term (∇ · u h , νq
Remark 3.6 (On the behavior of C 3 ). Notice that, in order to assure the validity of Lemma 3.6, both, Grad-Div and corner stabilization, are required (i.e., δ, ρ > 0). In particular, it holds C 3 = O (δ −1 + ρ −1 ) for small values of δ and ρ. Moreover, as already observed in Remark 3.4, α > 0 is not strictly required.
The previously proven Lemmata allow to prove inf-sup stability of the considered formulation (10), which is stated in the following theorem.
Theorem 3.1 (Inf-sup stability).
Let α, δ, ρ > 0 and µ eff , σ 0 with µ eff + σ > 0, and let us assume that the family of triangulations {T h } h fulfills the assumptions stated in Lemma 3.5. Then there exists a constant β > 0, independent from the physical parameters and from h, such that
For the sake of simplicity, let us introduce the following notation: 
Summing up the last two inequalities leads to
A h (u h , p h ) ; 4c
depending on a parameter η 1 ∈ (0, 1) which will be determined later. It holds
Hence, defining
depending on a parameter η 2 ∈ (0, 1) to be determined later. This yields
Therefore, the choice 
Moreover, from Lemmas 3.3, and Equations (51) and (52) we infer
|||(θw
Hence, since 0 < η 1 < , we can estimate
which allows to conclude
The behavior for small values of stabilization parameters follows from
Convergence
Firstly, let us observe that the discrete, stabilized, penalty-free, non-symmetric Nitsche formulation (10) is consistent with problem (1):
Lemma 3.7 (Consistency and Galerkin Orthogonality).
The result follows from the consistency of the discrete formulation and the conformity of the triangulation.
The next lemma is related to the quality of the approximation with respect to the mesh-dependent norm.
Lemma 3.8 (Approximability).
Let σ, µ eff 0 with µ eff + σ > 0. Let I L h (·) and M SZ h (·) be the Lagrange interpolation operator onto V h and the Scott-Zhang quasi-interpolation operator onto Q h , respectively. Moreover, let us assume
where c LSZ is a constant that depends only on (21) and (20b).
Proof:
We start by estimating the bulk terms of the triple norm using the properties (21) of the interpolation operators:
For the additional boundary terms related to the penalty-free Nitsche method we get with (17):
Finally, we observe that the interpolation error due to the corner stabilization term vanishes since the Lagrange interpolator is exact on mesh nodes. The inequality (60) is obtained summing up all the above estimated terms and observing that µ eff , σh 2 ν.
Theorem 3.2 (A priori error estimate).
Let α, δ, ρ > 0 and µ eff , σ 0 with µ eff + σ > 0. Let (u, p) be the solution of (1) and (u h , p h ) be the solution of problem (10) . Let us assume (u, 
Exploiting the inf-sup stability (Theorem 3.1) and the Galerkin orthogonality (Lemma 3.7), it holds:
For the bulk terms related to the weak formulation of the Brinkman problem we obtain
The GLS stabilization terms yield
while for the terms related to the Grad-Div stabilization, we obtain
The additional terms related to the penalty-free Nitsche method can be controlled as follows. First we treat:
Numerical Examples
The goal of this Section is to validate the results of the analysis of the penalty-free Nitsche method (10) against numerical experiments, especially testing the robustness of the formulation with respect to the physical parameters µ eff and σ.
To this aim, we consider two examples defined on the unit square, i.e., Ω := (0, 1)
2 and discretized using uniform triangular meshes obtained by regular refinements (see Figure 1) . In what follows, the four boundary components of Ω will be referred to as Γ i , i = 0, 1, 2, 3, with Γ 0 := {(x, 0) : In both examples, we compare the results considering different values of the stabilization parameters. The common legend for all forthcoming plots is shown in Figure 2 . In particular, line colors will denote different values of α (GLS stabilization), line marker will refer to δ (Grad-Div stabilization) and line style will be related to the value of the characteristic length L 0 . The numerical solutions have been computed using the finite element library ParMooN [33] . 
Example I: A generalized Poiseuille/Brinkman flow
The first example, taken from [21] , is based on the functions
p (x, y) := 0.5 − x,
which solve the Brinkman problem (1) (for σ > 0 and µ eff 0) for f = 0 and g = 0, and with Neumann boundary conditions on the left and right boundaries
and homogeneous Dirichlet boundary conditions on top and bottom boundaries , the solution has a boundary layer near the Dirichlet boundaries. As observed in [21] , imposing strongly the Dirichlet boundary conditions might lead to strong unphysical oscillations (socalled overshoots and undershoots) near the boundary, since the mesh is not fine enough to resolve the boundary layer. We performed numerical simulations in two different physical regimes, considering µ eff = σ = 1, i.e., The convergence of the error in the mesh dependent norm (15) is shown in Figure 4 , comparing the results for different values of the parameters α, δ, and L 0 , described in Figure 2 . We observe that, in both cases, the predicted convergence rate is obtained in the considered range of stabilization parameters. We also notice that the magnitude of the error slightly increases, the larger α is chosen.
The Grad-Div stabilization parameter seems to have a similar effect on the results. Notice that, due to the absence of corners between Dirichlet boundaries, the corner stabilization is not necessary for this example. 
Example II: A trigonometric Darcy flow
The next example ( [12, 3] ), focuses on a pure Darcy flow (i.e., µ eff = 0). Namely, we consider the velocity-pressure pair
which solves problem (1) for µ eff = 0, f = 0, g = 8π 2 sin (2πx) sin (2πy), and with boundary
Numerical simulations have been performed considering σ ∈ {0.00001, 0.001, 0.01, 0.1, 1, 10, 1000, 100000}. The errors in the mesh dependent norm (15) , for σ ∈ {0.001, 1, 1000} and different values of the stabilization parameters, are shown in Figure 7 . We recall that the legend is described in Figure   2 . As apparent, the magnitude of the errors increases with increasing σ, whereas the overall behavior (dotted) and 2 (solid) are also shown. Figure 8 contains the error components with respect to the velocity for σ = 1. This represents any value of σ, since this parameter has no influence on the behavior of the considered norms.
Finally, Figure 9 visualizes the reduction of the pressure error component with respect to different mesh resolutions for σ ∈ {0.001, 1, 1000}. As reflected in the energy norm, basically only the magnitude is influenced by a variation of σ in a significant fashion.
Altogether, the predicted convergence rate was obtained for all combinations, nevertheless, the choice α = 0.1, δ = 0.1, and L 0 = 0.1 seems to lead to the best result. Note, that a variation in the corner stabilization parameter did not result in any change of the convergence behavior. (dotted) and 2 (solid) are also shown.
Conclusions
In this paper, we proposed and analyzed a stabilized equal-order finite element formulation for the Brinkman model combined with a non-symmetric Nitsche method. We investigated the properties of the recently introduced penalty-free Nitsche approach, which is used to weakly impose essential boundary conditions without the need of a penalty parameter. 
